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An integral model of the perfectoid modular curve
Juan Esteban Rodr´ıguez Camargo
Abstract
We construct a formal integral model of the perfectoid modular curve. Studying this
object, we provide some vanishing results in the coherent cohomology at perfectoid level.
We also relate the completed cohomology of the modular tower with the integral cusp
forms of weight 2.
Contents
Introduction 1
1 A brief introduction to the Katz-Mazur integral modular curves 4
2 Construction of the perfectoid integral model 9
3 Local duality theory of flat coherent cohomology of curves 11
4 Cohomology of modular sheaves 13
References 20
Introduction
Throughout this document we fix a prime number p. Given an extension K of Qp, we denote
by GK the absolute Galois group of K. Let Ẑp be the prime-to-p profinite completion of Z.
Given an integer m we denote by ζm a primite m-th root of unit over Qp. Let Zcycp be the p-adic
completion of the cyclotomic integers Zp[ζp∞ ] and Qcycp = Z
cyc
p [
1
p
] its fraction field.
Let Kp ⊂ GL2(Ẑp) and Kp ⊂ GL2(Zp) be a neat compact open and a compact open
subgroup respectively, we let K ′p be a compact open subgroup of Kp. Let M be a positive
integer. We denote by Γ(M) the principal congruence subgroup of GL2(Ẑ) of level M . If
M = pn is a power of p, we denote in the same way the principal congruence subgroup of level
pn of GL2(Zp). It will be clear according to the context whether we talk about a subgroup of
GL2(Ẑ) or GL2(Zp).
Let YKpKp/ SpecZp be the Katz-Mazur integral modular curve of level K
pKp, let XKpKp be
its Katz-Mazur normal compactification (cf. [KM85]). We denote by XKpKp the completion of
XKpKp along its special fiber and by XKpKp the analytic generic fiber of XKpKp seen as an adic
space (cf. [Hub96]).
A natural object appearing in the study of modular curves is the modular tower TKp =
{XKpKp}Kp, where Kp runs over all the open compact subgroups of GL2(Zp). For example,
Emerton has considered in [Eme06] different types of completed cohomology groups arising
from the modular tower. In [Sch15], Scholze gave a meaning to the inverse limit lim
←−Kp
XKpKp
1
as a perfectoid space over Spa(Qcycp ,Z
cyc
p ). More precisely, he proved that there exists a unique
perfectoid space XKpΓ(p∞) satisfying the tilde limit property of [SW13]
XKpΓ(p∞) ∼ lim←−
Kp
XKpKp.
The construction of the perfectoid modular curve is not special for GL2, Scholze’s ideas work in
much greater generality for Shimura varieties of Hodge type. First, one studies the anticanonical
tower of Siegel varieties showing that its inverse limit is a perfectoid space. Then one extends
the “perfectoid locus” to the whole space using the Hodge-Tate period map, which for the
modular curve looks like
πHT : XKpΓ(p∞) −→ P
1
Qp.
Finally, one uses the fact that a Zariski closed subspace of a perfectoid space is perfectoid.
The first result of this paper is the existence of a Katz-Mazur integral model of the perfectoid
modular curve. We notice that this object was already constructed by Jacob Lurie in [Lur20].
Lurie’s construction is more modular and uses a mixed-characteristic version of Kunz Theorem,
a regularity result in terms of flatness of the Frobenius, which reduces the problem to the
ordinary locus. The point of view taken in this paper is more elementary and has as core some
explicit descriptions of the deformation rings of the modular curves. It is worth to mention that
the study of the ordinary locus in both approaches is the same in spirit, compare Proposition
1.2 below and Proposition 2.2 of [Lur20].
We recall the notion of “integral perfectoid”: an integral perfectoid ring is a topological ring
R containing a topologically nilpotent element π ∈ R such that:
i. π is not a zero divisor and p ∈ πpR,
ii. R is complete and separated for the π-adic topology,
iii. the Frobenius ϕ : R/πR→ R/πpR is an isomorphism.
A formal scheme S is an integral perfectoid formal scheme if it has a covering U = {Ui}i by
formal affine subschemes Ui = Spf(Ri), where Ri is an integral perfectoid ring.
The following existence theorem of the integral perfectoid modular curve will be proved in
Section 2:
Theorem 0.1. With the previous notation, the inverse limit XKpΓ(p∞) := lim←−Kp
XKpKp exists
in the category of p-adic formal schemes. Moreover, it is an integral perfectoid formal scheme
over Spf Zcycp , and its adic generic fiber is naturally isomorphic to the perfectoid modular curve
XKpΓ(p∞).
Remark. It is not obvious that we can attach an adic space to the formal scheme XKpΓ(p∞).
Indeed, following Huber [Hub96], this construction is well defined only for locally noetherian
formal schemes. Nevertheless, the perfectoid nature of XKpΓ(p∞) and the tilde limit property
of [SW13] allow us to perform the same construction of the generic fiber.
The second part of this document concerns the study of coherent cohomology of the integral
modular curves at finite and infinite level. More precisely, let ωk (resp. ωkcusp) denote the sheaf
of modular forms (resp. cusp forms) of weight k over XKpKp. Let pKp : XKpΓ(p∞) → XKpKp
be the natural projection, and for K ′p ⊂ Kp let p
K ′p
Kp
: XKpK ′p → XKpKp denote the natural
map of modular curves. We recall that the sheaves ωkcusp are not preserved by pullbacks in the
modular tower, in fact they depend on the boundary divisor. Nevertheless, we always have
p∗Kpω
k
cusp ⊂ p
∗
K ′p
ωkcusp. Let O = H
0(XKpKp,OXKpKp ) be the ring of global functions of XKpKp and
K its fraction field, then XKpKp/O is geometrically connected and has geometrically reduced
fibers. We shall prove in Section 4 the following vanishing and duality results:
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Theorem 0.2. Let F ∈ {ω−k, ω−kcusp, ω
2+k, ω2+kcusp : k ≥ 0}. Then the cohomology complex
RΓ(XKpKp,F ) is perfect of length [0, 1] with non-torsion cohomology. We have the local duality
HomO(H
0(XKpKp,F ⊗K/O), K/O) = H
1(XKpKp,F
∨ ⊗ ω2cusp).
Moreover, the cohomology of ωk+2 and ωk+2cusp is supported in degree 0 for k > 0.
Let ωk∞ be the pullback to XKpΓ(p∞) of the weight k modular sheaf at any finite level, and
let ωk∞,cusp be the p-adic completion of the inductive limit of the weight k cusp modular sheaves
of finite level
ωk∞,cusp :=
̂lim
−→
Kp
p∗Kpω
k
cusp.
A consequence of the perfectoid nature of XKpΓ(p∞) is the vanishing of the higher cohomology
of the positive weight modular sheaves, even for k = 1!
Theorem 0.3. Let k > 0.
(i) The cohomology of ωk∞ and ω
k
∞,cusp is supported in degree 0 at integral perfectoid level, i.e.
H1(XKpΓ(p∞), ω
k
∞) = H
1(XKpΓ(p∞), ω
k
∞,cusp) = 0.
(ii) Similarly, the cohomology of ωk∞[
1
p
] and ωk∞,cusp[
1
p
] is supported in degree 0 at adic perfec-
toid level, i.e.
H1(XKpΓ(p∞), ω
k
∞[
1
p
]) = H1(XKpΓ(p∞), ω
k
∞,cusp[
1
p
]) = 0.
On the other hand, using the Local Duality Theorem and the Primitive Comparison Theo-
rem of [Sch13], we can relate the completed cohomology H˜1 = lim
←−m
lim
−→Kp
(H1et(XKpKp,Cp,Z/p
mZ))
of the modular tower {XKpKp,Cp}Kp⊂GL2(Zp), and the integral weight 2 cusp forms. More pre-
cisely, given K ′p ⊂ Kp let
Tr
K ′p
Kp
: H0(XKpK ′p, ω
2
cusp)→ H
0(XKpKp, ω
2
cusp)
be the dual of the pullback (p
K ′p
Kp
)∗ : H1(XKpKp,OXKpKp ) → H
1(XKpK ′p,OXKpK′p
), that is the
Trace of Serre duality. Let Kcyc be the p-adic completion of K[ζ∞p ]. We have the following
theorem
Theorem 0.4. There exists a GKcyc ×GL2(Qp)-equivariant isometry of Cp-Banach spaces
(H˜1⊗̂ZpCp)
∨ ∼= ( lim←−
Kp,Tr
K′p
Kp
H0(XKpKp, ω
2
cusp))⊗̂OcycCp.
The outline of the paper is the following: In Section 1 we recall some classical properties
of modular curves necessary for the proof of Theorem 0.1. Then we compute the geometric
deformation rings of X(Npn) := XΓ(Npn) at ordinary points with help of the Serre-Tate parame-
ter [Kat81], where p ∤ N . Similarly, we make use of the Tate curve to describe the deformation
rings at cusps following [DR73]. By contrast, one does not have an explicit description of the
deformation rings at supersingular points. Instead, we shall give explicit generators of the
maximal ideals following [KM85].
In Section 2 we prove Theorem 0.1. The morphisms between the formal modular curves
XKpK ′p → XKpKp are finite flat, then their projective limit exists. We will show that this inverse
3
limit is indeed locally integral perfectoid. It suffices to consider KpKp = Γ(Np
n) for p ∤ N and
n ≥ 0. The difficulties appear when one tries to prove the surjectivity of Frobenius modulo p.
We use faithfully flat descent to reduce this problem to the deformation rings of the modular
curves. Finally, we apply the ring descriptions of Section 1 to prove that the Frobenius is
surjective at all closed geometric point of X(Np∞) := XΓ(Np∞) modulo p.
In Section 3 we state some important and classical facts of duality and cohomology; we will
specialize to the case of local complete intersection (lci) relative curves.
In Section 4 we study the cohomology groups of modular sheaves at finite and infinite level.
We prove Theorem 0.2; using the explicit degree of the modular sheaves ωk, ωkcusp and the norm
map, one reduces the vanishing problem to the smooth curve X(N) := XΓ(N). We will see
that Theorem 0.3 is a direct consequence of Theorem 0.2 and the fact that the Frobenius is an
isomorphism for perfectoid spaces. Finally, we compare the coherent cohomology of XKpΓ(p∞)
and its generic fiber, which concludes in Theorem 0.4.
Acknowledgments. The construction of the formal model of the perfectoid modular curve
began as a problem for a me´moire of M2 in 2019. At the time, the proof of Theorem 0.1 was
written but some errors were found in a more careful reading; particularly Proposition 1.4 was
not considered in the first draft. I would like to thank Vincent Pilloni for encouraging me to
write a paper with these results, the study of the coherent cohomology and its application to
the completed cohomology were possible thanks to his guidance. I would like to thank George
Boxer and Joaquin Rodrigues for all the fruitful discussions of the subject. This work has been
done while the author was a Phd student at the ENS de Lyon.
1 A brief introduction to the Katz-Mazur integral mod-
ular curves
Let N ≥ 3 be a integer prime to p and n ≥ 0 an integer. Throughout this document we
consider KpKp = Γ(Np
n) ⊂ GL2(Ẑ) the principal congruence subsgroup of level Npn. We
denote by Y (Npn) and X(Npn) the affine and compactified integral modular curves of level
Γ(Npn) respectively. We use similar notation for the formal and adic modular curves of level
Γ(Npn). We write by X (Np∞) and X(Np∞) the perfectoid and perfectoid integral modular
curves.
There is no loss of generality in making these assumptions. Indeed, we can take invariants
by finite groups in perfectoid rings:
Theorem 1.1. [KL16, Theo. 3.3.26] Let A be a perfectoid ring on which a finite group G
acts. Then the invariant subring AG is a perfectoid ring.
Remark. Let A be a perfectoid ring and A+ ⊂ A an integrally closed open bounded subring,
then A+ is integral perfectoid. Furthermore, if G is a finite group acting on A, Theorem 1.1
implies that (A+)G is integral perfectoid.
Drinfeld’s basis
We recall the definition of a Drinfeld’s basis for the M-torsion of an elliptic curve
Definition 1.1. Let M be a positive integer, S a scheme and E/S an elliptic curve over S.
A Drinfeld’s basis of E[M ] is a morphism of group schemes ψ : (Z/MZ)2 → E[M ] such the
following equality of effective divisors holds
E[M ] =
∑
(a,b)∈(Z/MZ)2
ψ(a, b). (1.1)
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We also write (P,Q) = (ψ(1, 0), ψ(0, 1)) for the Drinfeld’s basis ψ.
Remark. The left-hand-side of (1.1) is an effective divisor of E/S being a finite flat group
scheme over S. The right-hand-side is a sum of effective divisors given by the sections ψ(a, b)
of S to E. Furthermore, if M is invertible over S, a homomorphism ψ : Z/MZ → E[M ] is a
Drinfeld’s basis if and only if it is an isomorphism of group schemes, cf. [KM85, Lem. 1.5.3].
Proposition 1.1. Let P,Q be a Drinfeld’s basis of E[M ] and eM : E[M ] × E[M ] → µM the
Weil pairing. Then eM(P,Q) ∈ µ
×
M is a primitive root of unit, i.e. a root of theM-th cyclotomic
polynomial.
Proof. [KM85, Theo. 5.6.3].
Definition 1.2. The Katz-Mazur integral modular curve of level Γ(Npn) , denoted by Y (Npn),
is defined as the moduli space (over Zp) parametrizing elliptic curves E and Drinfeld’s basis ψ
of E[Npn].
The j-invariant is a finite flat morphism of Zp-schemes j : Y (Npn) −→ A1Zp. The compacti-
fied Katz-Mazur integral modular curve of level Γ(Npn), denoted by X(Npn), is the normaliza-
tion of P1Zp in Y (Np
n) via the j-invariant. The cusps or the boundary divisor Dn is the closed
reduced subscheme of X(Npn) defined by 1
j
= 0. We shall refer to X(Npn) and Y (Npn) simply
as the modular curves of level Γ(Npn).
The modular curve Y (Npn) (resp. X(Npn)) is an affine (resp. projective) regular curve over
Zp. Let Euniv/Y (Npn) be the universal elliptic curve and (Puniv, Quniv) the universal Drinfeld’s
basis of Euniv[Np
n]. Let ΦNpn(X) be the Np
n-th cyclotomic polynomial, and let Zp[µ
×
Npn]
denote the ring Zp[X ]/(ΦNpn(X)). The Weil pairing of (Puniv, Quniv) induces a morphism of
Zp-schemes
en : Y (Np
n)→ SpecZp[µ
×
Npn].
Note that Zp[µ
×
Npn] is a product of copies of the Np
n-cyclotomic p-adic integers Zp[ζNpn]. The
morphism en : Y (Np
n) → SpecZp[µ
×
Npn] extends to a morphism X(Np
n) → SpecZp[µ
×
Npn]
by normality, under this map the modular curve X(Npn) is geometrically connected and has
geometrically reduced fibers. Thus, we obtain a commutative diagram with finite flat horizontal
arrows
· · · X(Npn+1) X(Npn) X(Npn−1) · · ·
· · · Spec(Zp[µ
×
Npn+1]) Spec(Zp[µ
×
Npn]) Spec(Zp[µ
×
Npn−1]) · · · .
Deformation rings at closed geometric points
Let {ζNpn}n∈N be a fixed sequence of compatible primitive Np
n-th roots of unit, set ζpn = ζ
N
Npn.
In the following paragraph we will study the closed geometric points of the modular curves
X(Npn). We shall assume that X(Npn) is defined over Zurp , the maximal unramified extension
of Zp. This amounts to take the base change X(Npn)×Spec Zp SpecZ
ur
p ; the previous extension
of scalars does not modify the deformation rings of closed geometric points.
We have an isomorphism Zurp [µ
×
Npn]
∼=
∏
k∈(Z/NZ)× Z
ur
p [ζpn] given by mapping X to ζ
k
Nζpn in
each factor. Fixing the Weil pairing en(p
nPuniv, p
nQuniv) = ζ
k
N , we can assume that the map
en : X(Np
n)→ Spec(Zurp [ζpn]) induced by en(Puniv, Quniv) is geometrically connected.
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The ordinary points
Let k = Fp be an algebraic closure of Fp. Let Artk be the category of local artinian rings
with residue field k, whose morphisms are the local ring homomorphisms compatible with
the reduction to k. Following [Kat81], we evoke the Serre-Tate parameter to describe the
deformation rings at closed ordinary geometric points of X(Npn).
Let E0 be an ordinary elliptic curve over k and let R be an object in Artk. A deformation of
E0 to R is a pair (E, ι) consisting of an elliptic curve E/R and an isomorphism ι : E⊗Rk → E0.
We define the deformation functor EllE0 : Artk → Sets by the rule
R 7→ {(E, ι) : deformation of E0 to R}/ ∼ .
Then EllE0 sends an artinian ring R to the set of deformations of E0 to R modulo isomorphism.
Let Q be a generator of the physical Tate module TpE0(k), and denote by W (k) the ring of
Witt vectors of k. We have the following pro-representability theorem
Theorem 1.2. [Kat81, Theo. 2.1]
i The Functor EllE0 is pro-representable by the formal scheme
HomZp(TpE0(k)⊗ TpE0(k),Gm).
The isomorphism is given by the Serre-Tate parameter q, which sends a deformation E/R
of E0 to a bilinear form
q(E/R; ·, ·) : TpE0(k)× TpE0(k)→ Ĝm(R).
By evaluating at the fixed generator Q of TpE0(k), we obtain the more explicit description
EllE0 = Spf(W (k)[[X ]])
where X = q(Euniv/EllE0 ;Q,Q)− 1.
ii Let E0 and E
′
0 be ordinary elliptic curves over k, let π0 : E0 −→ E
′
0 be a homomorphism
and πt0 : E
′
0 −→ E0 its dual. Let E and E
′ be liftings of E0 and E
′
0 to R respectively. The
necessary and sufficient condition that π0 lift to a homomorphism π : E −→ E
′ is that
q(E/R;α, πt(β)) = q(E ′/R; π(α), β)
for every α ∈ TpE(k) and β ∈ TpE
′(k).
We deduce the following proposition decribing the ordinary deformation rings of finite level:
Proposition 1.2. Let x ∈ X(Npn) be an ordinary closed geometric point, say given by a triple
(E0, P0, Q0), write (P
n
0 , Q
n
0) = (NP0, NQ0). Let Ax be the deformation ring of X(Np
n) at x,
then there is an isomorphism
Ax ∼= W (k)[ζpn][[X ]][T ]/((1 + T )
pn − (1 +X)) =W (k)[ζpn][[T ]]
such that:
i the e-pairing of the universal deformation (P nuniv, Q
n
univ) of (P
n
0 , Q
n
0 ) is ζpn;
ii the variable 1 +X equals the Serre-Tate parameter q(Euniv/Ax;Q,Q);
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iii the variable 1 + T equals the Serre-Tate parameter q(E ′univ/Ax, (π
t)−1(Q), (πt)−1(Q)) of
the universal deformation π : Euniv → E
′
univ of the e´tale isogeny π0 : E0 → E0/K0, with
K0 = E0[p
n](k).
Proof. The group scheme E0[N ] is finite e´tale over k, then a deformation of (E0, P0, Q0) is
equivalent to a deformation of (E0, P
n
0 , Q
n
0 ). The group GL2(Z/p
nZ) acts transitively on the
set of Drinfeld’s basis of E0[p
n] compatible with the Weil pairing and the determinant. Without
loss of generality we may assume that P n0 = 0 and that Q
n
0 generates E0[p
n](k), see Theorem
5.5.2 of [KM85]. Let K ⊂ Euniv[p
n] be the subgroup generated by Qnuniv, it is an e´tale group
lifting the e´tale group K0 = E0[p
n](k) generated by Qn0 . The base (P
n
univ, Q
n
univ) provides a
splitting of the exact sequence
0 µpn Euniv[p
n] Z/pnZ 0,
Qnuniv
and a primitive root of unit ζpn ∈ Ax given by ζpn = e(P
n
univ, Q
n
univ). Conversely, given R a local
artinian ring with residue field k and E/R a deformation of E0, let ζpn be a primitive p
n-th root
of unit in R and K an e´tale subgroup of E[pn] of rank pn. Then there exists a unique Qn ∈ K
reducing to Qn0 , and a unique P
n ∈ Eˆ[pn] such that e(P n, Qn) = ζpn. The pair (P
n, Qn) is then
a Drinfeld’s basis of E[pn] lifting (P n0 , Q
n
0 ). We have proved the equivalence of formal functors
{Drinfeld’s basis of E[pn]} ←→ µ×pn × {K ⊂ E[p
n] e´tale of rank pn} ,
where µ×pn is the formal scheme of primitive p
n-th roots of unit. We also have a natural
equivalence
{K ⊂ E[pn] e´tale of rank pn} ←→ {e´tale quotients of E of degre pn} .
Let E ′univ/W (k)[[T ]] denote the universal deformation of E0/K0. The universal “e´tale” point
Qnuniv induces an e´tale isogeny of degree p
n
π : Euniv → E
′
univ
lifting the quotient π0 : E0 → E0/K0. Furthermore, the dual morphism π
t : E ′univ → Euniv
induces an isomorphism of the physical Tate modules πt : TpE
′
univ(k)
∼
−→ TpEuniv(k). Let
Q ∈ TpEuniv(k) be the fixed generator, and let Q
′ ∈ TpE
′
univ(k) be its inverse by π
t. Theorem
1.2 implies
q(Euniv;Q,Q) = q(Euniv;Q, π
t(Q′)) = q(E ′univ; π(Q), Q
′) = q(E ′univ;Q
′, Q′)p
n
.
Thus, we obtain the isomorphism
Ax ∼= W (k)[ζpn][[X ]][T ]/((1 + T )
pn − (1 +X)) =W (k)[ζpn][[T ]]
with ζpn = e(P
n
univ, Q
n
univ), X = q(Euniv;Q,Q)− 1 and T = q(E
′
univ;Q
′, Q′)− 1.
The cusps
Let Tate(q)/Zp((q)) be the Tate curve, we recall from [KM85, Ch. 8.8] that it has j-invariant
equal to
1/q + 744 + · · · .
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We consider the ring Zp[[q]] as the completion of P1Zp at infinity. The Tate curve provides a
description of the modular curve locally around the cusps, for that reason one can actually
compute the formal deformation rings by means of this object, see [KM85] and [DR73]. In fact,
let Ĉusps[Γ(Npn)] be the completion of the modular curve X(Npn) along the cusps. From the
theory developed in [KM85, Ch. 8 and 10], more precisely Theorems 8.11.10 and 10.9.1, we
deduce the following proposition:
Proposition 1.3. We have an isomorphism of formal Ẑurp [[q]]-schemes
Ĉusps([Γ(Npn)])
∼
−→
⊔
Λ∈HomSurj((Z/NpnZ)2,Z/NpnZ)/±1
Spf(Ẑurp [ζpn][[q
1/Npn ]]).
The morphism Ĉusps[Γ(Npn+1)]→ Ĉusps[Γ(Npn)] is induced by the natural inclusion
Ẑurp [ζpn][[q
1/Npn ]]→ Ẑurp [ζpn+1][[q
1/Npn+1 ]]
on each respective connected component.
The supersingular points
Let k = Fp and let {xn ∈ X(Npn)}n∈N be a sequence of compatible supersingular closed
geometric points. We denote by Axn the deformation ring of X(Np
n) at xn. Let E/Axn be
the universal elliptic curve and (P nuniv, Q
n
univ) the universal Drinfeld’s basis of E[p
n]. We fix a
formal parameter T of E, note that as xn is supersingular any p-power torsion point belongs
to the formal group of E. We will use the following lemma as departure point:
Lemma 1.1. [KM85, Theo. 5.3.2]. The maximal ideal of the local ring Axn is generated by
T (P nuniv) and T (Q
n
univ).
By the Serre-Tate Theorem [Kat81, Theo. 1.2.1], and the general moduli theory of 1-
dimensional formal groups over k [LT66], the deformation ring of X(N) at a geometric super-
singular point is isomorphic to W (k)[[X ]]. Moreover, the p-multiplication modulo p can be
written as [p](T ) = V (T p) with V ∈ k[[X ]][[T ]] the Verschiebung map V : E(p) → E. Without
loss of generality we assume that V has the form
V (T ) = XT + · · · ,
with V (T ) ≡ T p mod X . Using the Weierstrass Preparation Theorem we factorize V (T ) as
V (T ) = T (X + · · · u˜(X)T p−1)(1 +XTR(X, T )), (1.2)
where u˜(0) = 1 and R ∈ k[[X, T ]].
Proposition 1.4. The parameter X is a p-power in Ax1 mod p. Moreover, the generators
T (P nuniv) and T (Q
n
univ) of the maximal ideal of Axn are p-powers in Axn+1 modulo p.
Proof. The second claim follows from the first and the equality [p](T ) ≡ V (T p) mod p. Con-
sider n = 1 and write P = P 1univ and Q = Q
1
univ. Let F : E → E
(p) and V : E(p) → E denote
the Frobenius and Verschiebung homomorphisms respectively. Using the action of GL2(Z/pZ)
we may assume that P and F (Q) are generators of kerF and ker V respectively (cf. Theorem
5.5.2 of [KM85]). Then we have the equality of divisors on E(p)/Axn
ker V =
p−1∑
i=0
[i · F (Q)]. (1.3)
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The choice of the formal parameter T gives a formal parameter of E(p) such that T (F (Q)) =
T (Q)p. Therefore, from (1.3) we see that the roots of V (T ) are {[i](p)(T (Q)p)}0≤i≤p−1 where
[i](p)(T ) is the i-multiplication of the formal group of E(p). Then we have from (1.2)
X
u˜(X)
= (−1)p−1
p−1∏
i=1
([i](p)(T (Q)p)) =
(
p−1∏
i=1
[i](T (Q))
)p
,
proving that X
u˜(X)
is a p-power of Ax1/p. As k[[X ]] = k[[X/u˜(X)]] we are done.
Corollary 1.4.1. The Frobenius ϕ : lim
−→n
Axn/p→ lim−→n
Axn/p is surjective.
Proof. By induction in the graded pieces of the filtration defined by the ideal (T (P n), T (Qn)),
one shows that Axn/p is in the image of the Frobenius restricted to Axn+1/p.
2 Construction of the perfectoid integral model
We keep the notations of Section 1. Let us state the main theorem of this section:
Theorem 2.1. Let X(Npn) be the completion of X(Npn) along its special fiber. Then the in-
verse limit X(Np∞) := lim
←−n
X(Npn) exists in the category of p-adic formal schemes. Moreover,
it is an integral perfectoid formal scheme over Spf Zcycp [ζN ] and its adic generic fiber is naturally
isomorphic to the perfectoid modular curve X (Np∞).
Proof. We note that the maps between (formal) modular curves are finite flat, therefore the
inverse limit X(Np∞) := lim
←−n
X(Npn) exists in the category of p-adic formal Zp-schemes. Fix
n0 ≥ 0 and consider a formal affine subscheme Spf R̂ ⊂ X(Np
n0) arising from an open affine
SpecR ⊂ X(Npn0).
For n ≥ n0, let SpecRn (resp. Spf R̂n) denote the pullback of SpecR (resp. Spf R̂) to
SpecX(Npn) (resp. X(Npn)). Let R∞ := lim−→n
Rn and let R̂∞ denote its p-adic completion.
Claim. R̂∞ is an integral perfectoid ring.
If the claim holds we deduce that
Spa(Qp,Zp)×Spf Zp Spf R̂∞ = Spa(R̂∞[1/p], R̂∞) ∼ lim←−
n
Spa(R̂n[1/p], R̂n)
is a perfectoid space. While R runs over all the open affine subschemes of the curves X(Npn0),
the perfectoid spaces Spa(R̂∞[1/p], R̂∞) glue to a perfectoid space X (Np
∞) satisfying the tilde
limit condition X (Np∞) ∼ lim
←−n
X (Npn), ending the proof of Theorem 2.1.
Proof of the Claim. The en-pairings evaluated at the universal Drinfeld’s basis (Pn, Qn) of E[p
n]
induce compatible homomorphisms Zp[ζpn] −→ Rn, these give rise to a ring homomorphism of
the p-adic completions Zcycp −→ R̂∞ (which are extended to the cusps by normalization). Thus,
we find π ∈ R̂∞ such that π
p = pa with a ∈ R̂×∞. Let
ϕ : R∞/πR∞ −→ R∞/pR∞.
be the absolute Frobenius. Since R∞ is integrally closed in R∞[1/p], ϕ is injective. It remains
to show that ϕ is surjective. The relative Frobenius is an isomorphism for pro-finite-e´tale base
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change. Then, by faithfully flat descent we may suppose that the rings Rn are defined over Ẑurp
1.
The scheme X(Npn) is of finite type over Ẑurp , in particular every point has a closed point
as specialization. We are reduced to show that for every closed point x ∈ Spf R̂∞ = lim←−
Spf R̂n,
the homomorphism
R∞/pR∞ ⊗R∞ R∞,x R∞/pR∞ ⊗ϕ,R∞ R∞,x
R∞,x/pR∞,x R∞,x/pR∞,x
ϕ⊗id
ϕ
is surjective.
Write x = (xn0 , xn0+1, . . .) ∈ lim←−n
Spf R̂n, note that R∞,x = lim−→n
Rn,xn. Since Rn is finite
flat over R, the local completion R̂n,xn is equal to Rn,xn ⊗Rxn0 R̂xn0 . By faithfully flat descent
over Rxn0 we are reduced to show that the following homomorphism is surjective
R∞,x/pR∞,x ⊗Rxn0 R̂xn0 R∞,x/pR∞,x ⊗ϕ,Rxn0 R̂xn0
lim
−→
R̂n,xn/pR̂n,xn lim−→
(R̂n,xn/pR̂n,xn ⊗ϕ,R̂xn0
R̂xn0 ).
ϕ⊗id
The ring Rn is of finite type over Ẑurp so that the absolute Frobenius ϕ : Rn/pRn → Rn/pRn is
finite, this implies that the R̂xn0 -module R̂n,xn/pR̂n,xn with the Frobenius action is also finite.
Therefore the natural map
R̂n,xn/pR̂n,xn ⊗ϕ,R̂xn0
R̂x0 → lim←−
m
R̂n,xn/(pR̂n,xn,m
mp
R R̂n,xn)
∼= R̂n,xn/pR̂n,xn,
with mR the maximal ideal of Rxn0 , is an isomorphism. The composite equals a ⊗ b 7→ ab
p
obtaining a commutative diagram
Rn,xn/pRn,xn ⊗Rxn0 R̂xn0 Rn,xn/pRn,xn ⊗Rxn0 ,ϕ R̂xn0
R̂n,xn/pR̂n,xn R̂n,xn/pR̂n,xn.
ϕ⊗id
≀ ≀
ϕ
Thus, we are reduced to prove that the absolute Frobenius ϕ : lim
−→
R̂n,xn/pR̂n,xn → lim−→
R̂n,xn/pR̂n,xn
is surjective. Indeed, we deal with the cusps, the supersingular and the ordinary points sepa-
rately; we use the descriptions reached in Section 1:
• In the ordinary case, the local ring R̂n,xn is isomorphic to Ẑurp [ζpn][[Xn]]. From the
proof of Proposition 1.2, one checks that the inclusion R̂n,xn → ̂Rn+1,xn+1 is given by
Xn = (1 +Xn+1)
p − 1. Therefore, we obtain the surjectivity of Frobenius when reducing
modulo p.
1Let R and R′ be excellent noetherian regular rings, let XR(Np
n) denote the compactified modular curve
of level Γ(Npn) defined over R. Suppose we are given a ring homomorphism R → R′. By definition, we have
a natural isomorphism of affine modular curves YR(Np
n)⊗R R
′ ∼= YR′ (Np
n). However, in general this equality
does not extend to compactified modular curves. Assume that R → R′ is flat and has geometrically regular
fibers, then Proposition 8.6.7 of [KM85] says that XR(Np
n) ⊗R R
′ ∼= XR′(Np
n). In particular, we have the
isomorphism XZp(Np
n)⊗Zp Ẑ
ur
p
∼= X
Ẑur
p
(Npn).
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• The supersingular case is Corollary 1.4.1.
• Finally, if we are dealing with a cusp x, the ring R̂n,xn is isomorphic to Ẑurp [ζpn][[q
1/Npn ]]
and R̂n,xn → ̂Rn+1,xn+1 is the natural inclusion by Proposition 1.3. The surjectivity of ϕ
is clear.
3 Local duality theory of flat coherent cohomology of
curves
Let K be a finite extension of Qp and OK its valuation ring. In this section we specialize
the classical Grothendieck-Serre duality theorem of proper morphisms to the case of a local
complete intersection (lci) projective curve over OK , we follow [Har66].
Let X be a locally noetherian scheme, and let D(X) be the derived category of OX-modules.
We use subscripts c, qc on D(X) for the derived category of OX-modules with coherent and
quasi-coherent cohomology, the subscripts fTd and fid on D(X) will mean the subcategory of
complexes with finite Tor and finite injective dimension. We use superscripts +,−, b for the
derived category of bounded below, bounded above and bounded complexes respectively. For
instance, Dbc(X)fTd is the derived category of bounded complexes of OX-modules of finite Tor
dimension and coherent cohomology. If X = SpecA is affine, we set D(A) := Dqc(X), the
derived category of A-modules.
Let us first state the Duality Theorem for projective lci morphisms
Theorem 3.1 ( [Har66, Theo. III.11.1]). Let f : X → Y be a lci morphism between noetherian
schemes of finite Krull’s dimension. Then there exists an exceptional inverse image functor
f ! : D(Y )→ D(X). In addition, if f is projective then:
1. there is a natural transformation of endofunctors Tr : Rf∗f
! → 1 of D+qc(Y ) called the
trace;
2. the trace Tr induces an adjunction isomorphism
θ : R f∗RH omX(F , f
!G)
∼
−→ RH omY (R f∗F ,G)
for F ∈ D−qc(X) and G ∈ D
+
qc(Y ).
Moreover, the formation of the exceptional inverse image is functorial. More precisely, given a
composition X Y Z
f g
with f, g and gf lci, there is a natural isomorphism (gf)! ∼=
f !g!. This functor commutes with flat base change, that means the following:
let u : Y ′ → Y be a flat morphism, f ′ : X ′ → Y ′ the base change of X to Y ′ and v : X ′ → X
the projection. Then there is a natural isomorphism of functors v∗f ! = f ′!u∗.
Example 3.1. Let f : X → Y be a morphism locally of finite type of locally noetherian
schemes of finite Krull’s dimension.
1. We can define the functor f ! for finite (not necessarily lci) morphisms as
f !F = RH omOY (f∗OX ,F) for F ∈ D(Y ).
The duality theorem is then equivalent to the (derived) ⊗-Hom adjunction.
11
2. Let f be smooth of relative dimension n, then one has f !F = F ⊗ω◦X/Y [n] where ω
◦
X/Y =∧n Ω1X/Y , cf. [Har66, Section III.2].
Lemma 3.1. Let f : X → Y be a lci morphism of relative dimension n between locally noethe-
rian schemes of finite Krull’s dimension. Then f !OY = ω
◦
X/Y [n] with ω
◦
X/Y an invertible OX-
module.
Proof. Working locally on Y andX , we may assume that f factors as X S Yι
g
, where g
is a smooth morphism of relative dimension m, and ι is a regular closed imersion of codimension
m − n defined by an ideal I = (f1, . . . , fm−n). Let ω
◦
S/Y =
∧m Ω1S/Y be the sheaf of m-
differentials of S over Y , then
f !OS = ι
!g!OS
= RH omOS(ι∗OX , ω
◦
S/Y [m])
= RH omOS(OS/I , ω
◦
S/Y )[m]
Let K(f) be the Koszul complex of the regular sequence f = (f1, . . . , fm−n). Then K(f)
is a flat resolution of OS/I , its dual K(f)
∨ = H omOS(K(f),OS) is a flat resolution of
(OS/I )[−(m− n)]. Therefore
f !OS ≃ H omOS(K(f), ω
◦
S/Y )[m]
= K(f)∨ ⊗ ω◦S/Y [m]
≃ OX/I ⊗
L ω◦S/Y [n]
= (ω◦S/Y /I )[n],
which is an invertible sheaf of OX-modules as required.
Remark. Let f : X → Y be a regular closed immersion of codimension n defined by the ideal
I . From the proof of Lemma 3.1 one can deduce that f !OY =
∧n(I /I 2)∨[−n] is the normal
sheaf concentrated in degree n.
The compatibility of f ! with tensor products allows us to compute f !F in terms of f ∗F
and f !OY :
Proposition 3.1 ( [Har66, Prop. III.8.8]). Let f : X → Y be a local complete intersection of
locally noetherian schemes of finite Krull’s dimension. Then there are functorial isomorphisms
i. f !F ⊗L Lf ∗G → f !(F ⊗L G) for F ∈ D+qc(Y ) and G ∈ D
b
qc(Y )fTd
ii. RH omX(Lf
∗F , f !G)→ f !(RH omY (F ,G)) for F ∈ D
−
c (Y ) and G ∈ D
+
qc(Y ).
In particular, as f !OY is invertible we have f
!G ∼= f !OY ⊗ Lf
∗G for G ∈ Dbqc(Y )fTd
2.
We now prove the Local Duality Theorem for locally free sheaves of finite rank over projec-
tive lci curves:
Proposition 3.2. Let f : X → SpecOK be a projective lci curve, and let ω
◦
X/OK
be the invertible
sheaf such that ω◦X/OK [1] = f
!OK . Let F be a locally free OX-module of finite rank, then:
1. R f∗F is representable by a perfect complex of lenght [0, 1];
2. we have a perfect pairing
H0(X,F ⊗K/OK)×H
1(X,F∨ ⊗ ω◦X/OK )→ K/OK ,
2This is still true for Gorenstein morphisms, i.e. morphisms f : X → Y with f !OY invertible.
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given by the composition of the cup product and the trace Tr : ω◦X/OK → OK .
Proof. As F is flat-coherent and f is projective of relative dimension 1, the cohomology groups
of R f∗F are finitely generated over OK and they are concentrated in degrees 0 and 1. Then,
R f∗F is quasi-isomorphic to a complex 0 M0 M1 0
d with Mi a free OK-module
of finite rank for i = 0, 1. Moreover, the complex 0 M0 ⊗K/OK M1 ⊗K/OK 0
d⊗1
is quasi-isomorphic to R f∗(F ⊗K/OK) in D(OK), see [MRM74, Theo. 5.2].
Duality Theorem 3.1 gives a quasi-isomorphism
R f∗(F
∨ ⊗ ω◦X/OK )[1] = R f∗RH omX(F , f
!OK) ≃ RH omY (R f∗F ,OK).
This implies that R f∗(F
∨⊗ω◦X/OK ) is quasi-isomorphic to 0 M
∨
1 M
∨
0 0
d∨ . Finally,
Pontryagin duality for OK implies that the natural pairing ker(d ⊗ 1) × coker d
∨ → K/OK is
perfect, which is exactly the statement in cohomology.
Remark. The OK-module H
0(X,F⊗K/OK) is co-free of rank r, that is isomorphic to (K/OK)
r,
if and only if H1(X,F∨ ⊗ ω◦X/OX ) is free of rank r. In that case, the module H
0(X,F) is free
and H0(X,F)/pn → H0(X,F/pn) is an isomorphism for all n ∈ N. Furthermore, Grothendieck-
Serre duality provides a perfect pairing
H0(X,F)× H1(X,F∨ ⊗ ω◦X/OK )→ OK .
The OK-module H
0(X,F) (resp. H1(X,F ⊗K/OK)) is free (resp. cofree) for any locally
free OX-module. In the notation of the proof of the previous proposition, Pontryagin duality
implies that coker(d⊗ 1)× ker d∨ → K/OK is also a perfect pairing, that is
H1(X,F ⊗K/OK)× H
0(X,F∨ ⊗ ω◦X/OX )→ K/OK .
4 Cohomology of modular sheaves
Throughout this section we denote byXn the modular curveX(Np
n). We setOn = H
0(Xn,OXn),
Kn = On[
1
p
], Ocyc the p-adic completion of lim
−→n
On and K
cyc = Ocyc[1
p
]. We write O = O0 and
K = K0. Let πn : Xn → SpecOn be the structure morphism and let Dn ⊂ Xn be the boundary
divisor. We denote by ωkn = ω
k
Xn/On
the modular sheaf of weight k over Xn, it is defined as
the k-th power of the invariant differentials of the generalized elliptic curve E/Xn. Similarly,
we define the sheaf of cusp forms of weight k as ωkn,cusp := ω
k
n(−Dn). Finally, we write Xn
(resp. Xn) for the p-adic completion (resp. the adic generic fiber) of Xn. We denote by X∞ the
integral perfectoid modular curve X(Np∞) constructed in Section 2, and by X∞ the perfectoid
modular curve X (Np∞).
Consider the tower of modular curves
· · · Xn+1 Xn Xn−1 · · ·
· · · Spec(On+1) Spec(On) Spec(On−1) · · · .
pn+1
pin+1
pn
pin pin−1
Set ω◦n[1] := π
!
nOn. Note that the sheaf ω
◦
n is invertible since Xn is a local complete intersection
over On. The modular curve X0/O is smooth of relative dimension 1, then we have ω
◦
0 = Ω
1
X0/O
.
Moreover, the Kodaira-Spencer map provides an isomorphism KS : ω20,cusp
∼= Ω1X/O.
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Fixing n, we denote the base change of Xn−1 to On also by Xn−1. Then we have a commu-
tative triangle
Xn Xn−1
Spec(On) .
pn
pin pin−1
Proposition 4.1. There exists a natural isomorphism ξ′n : p
∗(ω◦n−1)(p
∗
nDn−1 − Dn)
∼
−→ ω◦n
induded by the normalized trace 1
p
Trn : OXn → p
!
nOXn−1. Moreover, the composition of ξ
′
n ◦ · · ·◦
ξ′1
3 and the Kodaira-Spencer map gives an isomorphism ω2n,cusp
∼= ω◦n.
Proof. By Proposition 3.1 we have an isomorphism
ξn : p
!
n(OXn−1)⊗ p
∗
nω
◦
n−1
∼
−→ p!n(ω
◦
n−1) = ω
◦
n. (4.1)
The map pn is finite flat, then p
!
n(OXn−1) = H omOXn−1 (pn,∗OXn,OXn−1). The sheaf p
!
n(OXn−1)
is invertible as Xn−1 is a lci projective curve, then we are reduce to study the ordinary points
and the cusps. Indeed, the supersingular points are of codimension 2 in Xn. Let Trn ∈ p
!
nOn−1
denote the trace.
Let x ∈ Xn−1 be a geometric closed ordinary point. Then we have a cartesian square⊔
xn 7→x
Spf ÔXn,xn Xn
Spf ÔXn−1,x Xn−1.
pn (4.2)
By Theorem 1.2 we have isomorphisms
ÔXn−1,x
∼= W (Fp)[ζpn][[Tn−1]], ÔXn,xn ∼= W (Fp)[ζpn][[Tn]]
with relations (1 + Tn)
p = 1 + Tn−1. We deduce
Hom
ÔXn−1,x
(ÔXn,xn, ÔXn−1,x)
∼=
1
p
ÔXn,xn · Trn .
On the other hand, let x ∈ Xn−1 be a closed geometric cusp. Analogously we have a
cartesian square (4.2) and isomorphisms
ÔXn−1,x
∼= W (Fp)[ζpn][[q
1/pn−1 ]], ÔXn,xn
∼= W (Fp)[ζpn][[q
1/pn ]].
Hence we obtain the equality
Hom
ÔXn−1,x
(ÔXn,xn, ÔXn−1,x)
∼=
1
p
q1/p
n−1/pn−1
ÔXn,xn · Trn .
The previous computations show that the trace of OXn/OXn−1 induces an isomorphism of
invertible sheaves
1
p
Trn : OXn(p
∗
nDn−1 −Dn)
∼
−→ p!n(OXn−1).
Then, from (4.1) we obtain an isomorphism
ξ′n : p
∗
n(ω
◦
n−1)(p
∗
nDn−1 −Dn)→ ω
◦
n
with ξ′n = ξn ◦ (
1
p
Trn⊗1).
The isomorphism ω2n,cusps
∼= ω◦n follows by a straightforward induction on the composition
ξ′n ◦ · · · ◦ ξ
′
1 and the Kodaira-Spencer map KS.
3We make an abuse of notation writing ξ′n ◦ ξ
′
n−1 instead of ξ
′
n ◦ ξ
′
n−1(p
∗
nDn−1 −Dn).
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Remark. Let x ∈ Xn−1 be a closed geometric point, either an ordinary point or a cusp. Then
the trace map T˜rn : OXn(p
∗
nDn−1 −Dn)→ OXn−1 of Duality Theorem defines a On-linear map
T˜rn = ⊕(
1
p
Trn) :
⊕
xn 7→x
ÔXn,xn ⊗ (q
1/pn−1/pn−1)→ ÔXn−1.x
Moreover, the explicit description found in the proof of the previous proposition shows that
T˜rn is surjective on each direct summand. Therefore, if f is a modular form of weight k over
Xn−1 we have T˜rn(p
∗
nf) = p
2f .
Next we prove some vanishing results of modular sheaves of weight k 6= 1 at finite level.
Proposition 4.2. The following hold
1. H0(Xn, ω
k
n ⊗K/O) = H
0(Xn, ω
k
n,cusp ⊗K/O) = 0 for k < 0.
2. Dually, H1(Xn, ω
k
n) = H
1(Xn, ω
k
n,cusp) = 0 for k > 2.
3. H0(Xn,OXn(−Dn)⊗K/O) = H
1(Xn, ω
2
n) = 0 and H
0(Xn,OXn⊗K/O) = H
1(Xn, ω
2
n,cusp)⊗
K/O = Kn/On.
Proof. By Proposition 3.2 and the remark after loc. cit., it suffices to show (1 ) and (3 ) for
OXn and OXn(−Dn).
Let νn denote the closed point of SpecOn, by Nakayama’s lemma it suffices to prove
H0(Xn,νn, ω
k
n) = 0 for k < 0. Let λ ∈ H
0(Xn,νn, ω
k
n) be non-zero. Tensoring with an algebraic
closure Fp and using the action of GL2(Z/pnZ) we may assume that λ is non-zero in an open
dense subscheme of Xn,νn. In fact, this holds for some linear combination
∑
γ∈GL2(Z/pnZp)
anγ
∗λ
with an ∈ Fp. The norm NXn/X0(ω
k
n) of ω
k
n to X0 is ω
kd
0 where d = deg(Xn/X0), hence if
k < 0 the sheaf NXn/X0(ω
k
n) has negative degree in the smooth curve X0. This implies that
H0(X0,ν0,NXn/X0(ω
k
n)) = 0 and NXn/X0(λ) = 0, a contradiction. Therefore H
0(Xn,νn, ω
k
n) = 0
for k < 0. Since ωkn,cusp = ω
k
n(−Dn), we trivially deduce H
0(Xn,νn, ω
k
n,cusp) = 0. The results for
OXn and OXn(−Dn) are clear as Xn/OK,n is proper, flat and geometrically connected and has
geometrically reduced fibers.
Corollary 4.2.1. Let F ∈ {ωkn, ω
k
n,cusp, ω
k+2
n , ω
k+2
n,cusp : k ≥ 0}, the following hold:
1. The cohomology groups H0(Xn,F ⊗K/O) and H
1(Xn,F) are cofree and free On-modules
respectively.
2. We have a perfect duality pairing
H0(Xn,F ⊗K/O)×H
1(Xn,F
∨ ⊗ ω2n,cusp)→ Kn/On.
Proof. This is a consequence of the Local Duality Theorem (Proposition 3.2) and Proposition
4.2.
Let m ≥ n, we have the inequality of divisors Dm ≤ Dn. Therefore OXm(−Dn) ⊂
OXm(−Dm), and the pullback of ω
k
cusp,n injects into ω
k
cusp,m. We get the following vanishing
of higher cohomology at infinite level of positive weight modular sheaves, surprisingly the the-
orem applies even for ω1∞!
Theorem 4.1. Let ωk∞ denote the pullback of ω
k
n to X∞, and let ω
k
cusp,∞ be the p-adic completion
of lim
−→n
ωkcusp,n. Then
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1. Hi(X∞, ω
k
∞/p
m) = lim
−→n
Hi(Xn, ω
k
n/p
m) for all positive integers m, k ∈ Z, and i = 0, 1
(resp. for ωk∞,cusp and ω
k
n,cusp).
2. H0(X∞, ω
−k
∞ ) = H
1(X∞, ω
k
∞) = 0 for k > 0 (resp. for ω
−k
∞,cusp and ω
k
∞,cusp).
3. H0(X∞, ω
0
∞,cusp) = 0 and H
0(X∞,OX∞) = O
cyc.
Proof. Let U = {Ui}i∈I be a finite affine cover of X0, let Un (resp. U∞) be its pullback to Xn
(resp. X∞). Since all the sheaves involved are quasi-coherent, and the (formal) schemes are
separated, we can use the Cˇech complexes to compute the cohomology groups. By definition
we have
C
•(U∞, ω
k
∞/p
m) = lim
−→
n
C
•(Un, ω
k
n/p
m)
C
•(U∞, ω
k
∞,cusp/p
m) = lim
−→
n
C
•(Un, ω
k
n,cusp/p
m),
from which (1 ) follows.
Moreover, ωk∞ = lim←−m
ωk∞/p
m and ωkcusp,∞ = lim←−m
ωkcusp,∞/p
m. Then we obtain quasi-
isomorphisms
RΓ(X∞, ω
k
∞) ≃ R lim←−
m
RΓ(X∞, ω
k
∞/p
m)
RΓ(X∞, ω
k
∞,cusp) ≃ R lim←−
m
RΓ(X∞, ω
k
∞,cusp/p
m).
Let p1/p ∈ Ocyc be such that |p1/p| = |p|1/p. As X∞ is integral perfectoid the Frobenius
F : X∞/p
1/p → X∞/p is an isomorphism. Note that F
∗(ωk∞/p) = ω
pk
∞/p
1/p and F ∗(ωk∞,cusp/p) =
ωpk∞,cusp/p
1/p. Proposition 4.2 shows
H1(X∞, ω
k
∞/p)
∼= H1(X∞, ω
pk
∞/p
1/p) = 0 for k > 0, (4.3)
similarly for ωk∞,cusp and k < 0. Then the cohomology of the complexes {RΓ(X∞, ω
k
∞/p
m)}m
and {RΓ(X∞, ω
k
∞,cusp/p
m)} satisfy the Mittag-Leffler condition for all k ∈ Z. In fact, the
transition maps are surjective. Thus
Hi(X∞, ω
k
∞) = lim←−
m
Hi(X∞, ω
k
∞/p
m),
Hi(X∞, ω
k
∞,cusp) = lim←−
m
Hi(X∞, ω
k
∞,cusp/p
m).
The proposition follows from the computations of cohomology at finite level and (4.3).
A consequence of the vanishing of coherent cohomology at integral perfectoid level is the
respective vanishing results over the perfectoid adic modular curve:
Corollary 4.1.1. Let ωk∞[
1
p
] and ωk∞,cusp[
1
p
] denote the generic fiber over X∞ of the modular
sheaves ωk∞ and ω
k
∞,cusp. We have
1. H0an(X∞, ω
−k
∞ [
1
p
]) = H1an(X∞, ω
k
∞[
1
p
]) = 0 for k > 0 (resp. for ω−k∞,cusp[
1
p
] and ωk∞,cusp[
1
p
]).
2. H0an(X∞, ω
0
∞,cusp[
1
p
]) = 0 and H0an(X∞,OX∞) = K
cyc.
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Proof. We proceed with ωk∞, the proof for ω
k
∞,cusp is similar. Let U = {Ui} be a finite covering
of X∞ by formal affine integral perfectoid spaces arising from finite level, we further assume
that the covering trivializes ωk∞. Let U
ad = {Ui} be the corresponding covering of X∞ by
affinoid perfectoids. Then the Cˇech complexes C•(U , ωk∞)[
1
p
] and C•(Uad, ωk∞[
1
p
]) are equal. As
the formal affine schemes and the affinoid perfectoid are (almost) acyclic for the structure sheaf,
we have
Hian(X∞, ω
k
∞[
1
p
]) = Hi(X∞, ω
k
∞)[
1
p
].
The corollary follows from the vanishing results at integral perfectoid level.
Recall that given a modular curve Xn, we consider all the base changes with respect to the
morphism Xn → SpecOn.
Let H˜1 := lim
←−m
(lim
−→n
H1et(Xn,Cp,Z/p
mZ)) be the completed cohomology of tame level Γ(N).
We end this section by comparing the dual completed cohomology (H˜1⊗ZpCp)
∨, and the projec-
tive limit of integral weight-2 cusp forms lim
←−n,T˜rn
H0(Xn,Ocyc, ω
2
n,cusp), with transition morphisms
the traces T˜rn
4. First, let’s show that these two spaces have natural structures of Banach spaces.
Lemma 4.1. The completed cohomology H˜1 is p-adically complete and separated, and has
torsion of bounded exponent. In particular, H˜1[1
p
] has a unique structure of a Qp-Banach space
such that the image of H˜1 is the unitary ball.
Moreover, there is a unique structure of Qp-Banach space on the continuous dual (H˜1[1p ])
∨
such that the image of H˜1∨ := HomZp(lim−→n
H1et(Xn,Cp,Qp/Zp),Qp/Zp) is the unitary ball.
Proof. Theorem 2.15 of [Eme06] implies that the group H˜1 is p-adically complete and separated,
and that its p∞-torsion is p-power bounded 5. Then H˜1[1
p
] has a natural structure of Banach
Qp-algebra, for which the image of {pmH˜1}m is a basis of neighbourhoods of 0. Let X∞,Cp be the
base change of the perfectoid modular curve to Cp. We can write the completed cohomology in
terms of the pro-e´tale cohomology of X∞,Cp. Indeed, using Corollary 7.18 of [Sch12] one shows
H˜1 = H1proet(X∞,Cp, Ẑp).
On the other hand, we have
HomZp(H˜
1,Zp) = lim←−
m
HomZp(H˜
1,Z/pmZ)
= lim
←−
m
HomZp(H˜
1/pm,Z/pmZ)
= HomZp(H˜
1 ⊗Qp/Zp,Qp/Zp).
We want to compare the duals of H1proet(X∞,Cp, Ẑp) ⊗ Qp/Zp and H
1
proet(X∞,Cp,Qp/Zp). From
the short exact sequence 0 → Ẑp → Q̂p → Qp/Zp → 0 we obtain a short exact sequence of
cohomology groups
0→ H1proet(X∞,Cp, Ẑp)⊗Qp/Zp → H
1
proet(X∞,Cp,Qp/Zp)→ H
2
proet(X∞,Cp, Ẑp)[p
∞]→ 0. (4.4)
Taking duals we obtain an exact sequence
0→ HomZp(H˜
2[p∞],Qp/Zp)→ HomZp(H˜
1(Qp/Zp),Qp/Zp)→ HomZp(H˜
1⊗Qp/Zp,Qp/Zp)→ 0.
4We consider all the modular curves to be defined over Ocyc by making a base change. Then, the traces T˜rn
are the duals of the pullback maps p∗n : H
1(Xn−1,Ocyc ,OXn−1)→ H
1(Xn,Ocyc ,OXn) via the Duality Theorem.
5In fact, Emerton proves this property for completed cohomology with compact supports. Let j : Yn → Xn
be the open immersion of the affine modular curve into Xn, and let i : Dn → Xn denote the closed immersion
of the cusps. Using the short exact sequence 0 → j!Z/pnZ → Z/pnZ → i∗i∗Z/pnZ → 0 and Proposition 1.2.4
of [Eme06], one deduces that H˜1 is p-adically complete and separated with bounded torsion.
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Where H˜2 := H2proet(X∞,Cp, Ẑp), and H˜
1(Qp/Zp) := H1proet(X∞,Cp,Qp/Zp). By Theorem 2.15
of [Eme06], the group H2proet(X∞,Cp, Ẑp)[p
∞] has bounded exponent. Then we obtain an isomor-
phism of Qp-Banach spaces
HomZp(H˜
1(Qp/Zp),Qp/Zp)[
1
p
]
∼
−→ HomZp(H˜
1 ⊗Qp/Zp,Qp/Zp)[
1
p
] = (H˜1[
1
p
])∨.
This proves the lemma.
Remark. The previous argument seems to work for more general towers of Shimura varieties.
In the case of modular curves we can be more precise; the Primitive Comparison Theorem of
Scholze implies that
Hiproet(X∞,Cp, Ẑp)⊗̂OCp =
ae Hiproet(X∞,Cp,O
+
X∞,Cp
).
Since the modular tower is a tower of curves, the second coherent cohomology group of X∞,Cp
(almost) vanishes. Thus H2proet(X∞,Cp, Ẑp) = 0 and the left arrow of (4.4) is an isomorphism.
This implies that
lim
←−
m
H˜1/pmH˜1 = lim
←−
m
H1proet(X∞,Cp,Z/p
mZ) = H˜1.
On the other hand, the respective exact sequence (4.4) for i = 0, 1 shows that H˜1 has no torsion.
Lemma 4.2. The generic fiber of the projective limit lim
←−n,T˜rn
H0(Xn,Ocyc, ω
2
n,cusp)[
1
p
] has a nat-
ural structure of Kcyc-Banach space.
Proof. By Proposition 4.2 the On module H
0(Xn, ω
2
n,cusp) is free of finite rank over On. More-
over, we can see lim
←−n,T˜rn
H0(Xn,Ocyc, ω
2
n,cusp) as the kernel of the linear map
∏
n∈NH
0(Xn,Ocyc, ω
2
n,cusp)
∏
n∈NH
0(Xn,Ocyc, ω
2
n,cusp).
1−(T˜rn)
But the product of finite free Ocyc-modules is p-adically complete, separated and Ocyc-flat. This
implies that ker(1− (T˜rn)) is a flat, p-adically and separated O
cyc-module.
Remark. Furthermore, {H0(Xn,Ocyc, ω
2
n,cusp)}n,T˜rn is a projective system of finite free O
cyc-
modules satisfying the Mittag-Leffler condition. Indeed, by the remark after Proposition 4.1,
we know that the traces T˜rn are surjective. Thi implies that the projections from the projective
limit to their factors are surjective as well.
Theorem 4.2. There exists a GKcyc ×GL2(Qp)-equivariant isomorphism of Cp-Banach spaces
(H˜1⊗̂ZpCp)
∨ = H˜1∨⊗̂ZpCp ∼= ( lim←−
n,T˜rn
H0(Xn,Ocyc, ω
2
n,cusp))⊗̂OcycCp. (4.5)
Moreover, each of these spaces admit a norm with respect to which the previous isomorphism
is an isometry, and such that the action of GKcyc ×GL2(Qp) is isometric.
The action of GKcyc in the right-hand-side of (4.5) is trivial on the projective limit, and the
natural one in Cp. In the left-hand-side of (4.5), the group GKcyc acts on H˜1 = H1proet(X∞,Cp, Ẑp)
via the extension of scalars Kcyc → Cp.
Let us recall the GL2(Qp)-action on lim←−n,T˜rn H
0(Xn,Ocyc, ω
2
n,cusp) and H˜
1. Let g ∈ GL2(Qp)
and n ≥ 0, let m ≥ 1 be such that Γ(pm) ⊂ Γ(pn) ∩ gΓ(pn)g−1. Let cg : GL2(Qp) → GL2(Qp)
denote the conjugation by g. The composition of group homomorphisms
Γ(pm) →֒ Γ(pn) ∩ gΓ(pn)g−1
c
g−1
−−→ g−1Γ(pn)g ∩ Γ(pn) →֒ Γ(pn)
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induces the (right) multiplication by g in the tower {Xn}n≥1, seen as the inverse limit of the
maps
g : Xm
p
−→ XΓ(pn)∩gΓ(pn)g−1
g
−→ Xg−1Γ(pn)g∩Γ(pn)
q
−→ Xn.
These maps define a left GL2(Qp)-action on H˜1 and H1(X∞,OX∞) via pullbacks. Let χ :
Gal(Kcyc/K)
∼
−→ Z×p be the p-adic cyclotomic character. Given g ∈ GL2(Qp), let ψ(g) =
χ−1(p−vp(det g) det g). By the Duality Theorem we have a commutative diagram of perfect pair-
ings
H0(Xm, ω
2
m,cusp)×H
1(Xm,OX) O
cyc
H0(XΓ(pn)∩gΓ(pn)g−1 , ω
2
cusp)×H
1(XΓ(pn)∩gΓ(pn)g−1 ,OX) O
cyc
H0(Xg−1Γ(pn)g∩Γ(pn), ω
2
cusp)×H
1(Xg−1Γ(pn)g∩Γ(pn),OX) O
cyc
H0(Xn, ω
2
n,cusp)×H
1(Xn,OX) O
cyc.
T˜rp
g−1
∗
p∗
ψ(g−1)
T˜rq
g∗
q∗
(4.6)
Thus, the right action of g ∈ GL2(Qp) on a tuple f = (fn) ∈ lim←−n,T˜rn H
0(Xn,Ocyc, ω
2
n,cusp) is
given by
(f |g)n = (T˜rq ◦ g
−1∗ ◦ T˜rp(fm))
with m, p and q as in the diagram (4.6).
Proof of Theorem 4.2. By the Primitive Comparison Theorem [Sch13, Theo. 5.1], we have
almost isomorphisms for all m ≥ 1
H1et(Xn,Cp,Z/p
mZ)⊗Zp OCp =
ae H1proet(Xn,Cp,O
+
Xn,Cp
/pm). (4.7)
Moreover, the Primitive Comparison Theorem is GKcyc-equivariant and functorial with respect
to maps of proper smooth adic spaces. Therefore, we get a GKcyc×GL2(Qp)-equivariant almost
isomorphism by taking direct and inverse limits in (4.7)
H˜1⊗̂ZpOCp =
ae H1proet(X∞,Cp, Ô
+
X∞,Cp
) = H1an(X∞,Cp,O
+
X∞,Cp
) =ae H1an(X∞,O
+
X∞
)⊗̂OcycOCp.
Let U = {Ui → X∞} be a finite covering of X∞ by open formal affine subschemes arising from
some finite level, let Uan = {Ui → X∞} be the covering of X∞ induced by passage to the generic
fiber. Then, by the (almost) vanishing of Hi(V,O
(+)
V ) (i ≥ 1) for formal affine p-adic schemes
and affinoid perfectoid spaces, we obtain (almost) isomorphisms with Cˇech cohomology:
H1(X∞,OX∞) = Hˇ
1(U ,OX∞),
H1an(X∞,O
+
X∞
) =ae Hˇ1(Uan,O+X∞).
But the Cˇech complexes C•(U ,OX∞) and C
•(Uan,O+X∞) are equal. Therefore we have a GKcyc×
GL2(Qp)-almost isomorphism
H1an(X∞,O
+
X∞
) =ae H1(X∞,OX∞).
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Finally, we deduce from Lemma 4.1 and the Local Duality Theorem the following GKcyc ×
GL2(Qp)-equivariant (almost) isomorphisms
H˜1∨⊗̂OCp =
ae HomOcyc(H
1
an(X∞,O
+
X∞
)⊗Qp/Zp, K
cyc/Ocyc)⊗̂OcycOCp
=ae HomOcyc(H
1(X∞,OX∞)⊗Qp/Zp, K
cyc/Ocyc)⊗̂OcycOCp
= lim
←−
n
(HomOcyc(H
1(Xn,Ocyc,OXn)⊗Qp/Zp, K
cyc/Ocyc)⊗Ocyc OCp)
= ( lim
←−
n,T˜rn
H0(Xn,Ocyc, ω
2
n,cusp))⊗̂OcycOCp.
We obtain the desired GKcyc ×GL2(Qp)-equivariant isometry by inverting p.
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